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Abstract:

If f(z)= chz“ is a polynomial of degree nwhich does not

v=0
vanish in|z| <t,t=1, then for 0<r < p<t, Dewan and Mir
[ Int. J. Math. Math. Scs., 16(2005), 2641-2645] proved

(1)
(t+r)" F=

xJ1— t(t—p)(n|co|—t|cl|)n [p—r](t-‘rr]n_l
(2 +p*)nfc,|+ 22 ple |\t +p )1+ p '

In this paper, we prove an interesting improved L' norm
inequality with the value of t extending fromt>1 to t >0 of
the above inequality. Our result also gives some interesting
known results as corollaries.

max
|d=p

f(z)|<n

£(2)]

1. INTRODUCTION

Let f(z)= chz“ be a polynomial of degree n and f(z) be
v=0
its derivative. We define

”f"q:{ﬁﬂf(em)‘qdé’}q,owao (1.1)
0

If we let ¢ — « in the above equality and make use of of the
well-known fact from analysis [17] that

1
) 1 2z . a ;
i [ (e o] =m0
we can suitably denote

1. = max|f (2)]

J<=1

2z
Similarly, one can define || f ||O =exp{$j log‘ f(e“?)‘de}
0

and show that lim || f ||q = || f ||0 . It would be of further interest

g—0+
that by taking limits as g — 0+, the stated result holding for
g >0, holds fog=0 as well.

For r>0, we denote by M(f,r)=max|f(z)| and

l<=r
accordingly | f|._ =Iﬁ§§|f(2)| =M (f.1).

A famous result due to Bernstein [14 or also see 19] states that
if f(z) is a polynomial of degree n, then

17 <n|l£].- (1.2)
Inequality (1.2) can be obtained by letting ¢ — o in the
inequality
11, <7, - (13)

Inequality (1.3) for ¢ >1is due to Zygmund [20]. Arestov [1]
proved that (1.3) remains valid for 0 < g <1 as well.

If we restrict ourselves to the class of polynomials having no
Zero in|z| <1, then inequalities (1.2) and (1.3) can be

respectively improved by

171 <5 (14

and
T <—2—|f] ,q>o0. 1.5
I, = L o> -

Inequality (1.4) was conjectured by Erdos and later verified by
Lax [12], whereas, inequality (1.5) was proved by de-Bruijn [4]
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forg>1. Rahman and Schmeisser [16] showed that (1.5)
remains true for 0<g<1.

As a generalization of (1.4), Malik [13] proved that if f(z)

does not vanish in |z| <t,t=>1,then

f (1.6)

<l

Under the same hypotheses of the polynomial p(z), Govil and

Rahman [8] extended inequality (1.6) to L norm by showing
that

171, =

] Ml (1.7)

e+ z|

It was shown by Gardner and Weems [7] and independently by
Rather [17] that (1.7) also holds for 0<g<1.

Further, as a generalization of (1.6), Bidkham and Dewan [3]
proved that if f(z) is a polynomial of degree 1 having no zero

in |Z|<t, t>1,thenforl<r<t¢,

£(r2). < n((;_’

| forl<r<t. (1.8)

For the same class of polynomials f(z) = chz" , by involving
v=0

certain coefficients, Dewan and Mir [5] improved as well as
generalized inequality (1.8) by proving

ol <2
7 (ol <=0

S S B T
(P> +2*)nley|+2p|c | \t+p N1 +p -

(1.9)

for 0<r<p<r.

In this paper, we prove an improved inequality in L/ norm for
extended value of > 0, which not only reduces to L7 version of
inequality (1.9) as a particular case, but also gives some
interesting known results as corollaries. More precisely, we
prove

Theorem. If f(z)= Zn:cvzv

v=0

is a polynomial of degree n

having no zero in|z|<t,t>0, then forO<r< p<tand any
qg>0,

{127r
27,

1

'(pei'g)‘qdé’}_nT{ Uf re' ‘+M f.r)

2 2 22 2
5 {(p +17 e, | +21 |cl|p} ] el

(r2 +t2)n|c[)|+2t2|cl|r

where

TS K _é
q:{gz[ |t+pe’“| da} .

Remark 1.1. If we let g — o on both sides of inequality (1.10)

of our theorem, as mentioned earlier, we obtain an improved
counterpart of inequality (1.9) as given below.

Corollary 1.1. If f(2)= ZCDZU is a polynomial of degree n

v=0

having no zeroin|z|<t,t>0,thenf0r 0<r<p<r.

n

2, 2 ) 242 1 2
" {(p +17 )|, | +21 |c|p} ().

= prt | (rP 417 )nfey|+ 267 e |

£ (p2))

(1.11)

Remark 1.2. If 0<r< p<t, we have
1— [z‘+r] _
t+p
_ t+r

t+p t+p

‘D

+

N
w*
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Also, forr=p, inequality (1.12) holds trivially and hence
inequality (1.12) is true forO<r < p<t. By Lemma 2.10, we
have

(p2 +t2)n|c0|+2t2|cl|p 2 - (n|c0|p+|cl|t2)(p+t)
(r2 +t2)n|c0|+2t2|cl|r _(,02 +t2)n|co|-i-2p|cl|t2

x{(%)n—l}ﬂ
S[f:} - { p(+t )(|C|OC|°J|:2|;1||CIL }
el
t+p

(by Lemma 2.9)
t(t-p

)(”|Ct)|_|cl|t)”

(P> +1% )nle,|+2p]c |22

(r+t)n

Llo+t) {1_

n-1
X[M][”’j } [ by inequality(1.12)]
t+p \i+p

(1.13)

It is interesting that by using this inequality in inequality (1.10),
we obtain the direct Ifanalogue of (1.9) due to Dewan and
Mir [5] with extended value of the radius 7of the zero free
open disc from t =>1to #>0.

Corollary 1.2. If f(z)= ZCDZU is a polynomial of degree n

v=0
having no zero in|z|<t,t>0, then forO0<r < p <rand any
qg>0,
(p+1)
(r+t)n

L, t=p)(nle] e[} (p](j i
(> +2)nlco|+2p|e | \t+p N1+ p ’

q

||f'<pz>||qSnrq|||f<rz>|+M<f,r>{

(1.14)

where

TS K _i
Tq:{gz[ |t+pe’“| da} .

Remark 1.3. Taking limit as g — « on both sides of (1.14),
we obtain inequality (1.9).

Remark 14. If we use the fact that
‘f(re“g) ‘ <M (f.r)=|f(rz)|_for eachOe[0, 27), we

obtain another improved version of inequality (1.9) in L’ norm
deduced from our theorem.

Corollary 1.3. If f(2)= ZCDZU is a polynomial of degree n

v=0
having no zero in|z|<t,t>0, then for 0<r < p <rand any
qg>0,

0 2 1
”f,(pz)hSan{(pzﬂ )nlc|+2t |c|,0} "f(rz)"w.

(r +t )n|c0|+2t2|cl|r

(1.15)

where

TS K _i
Tq:{gz[ |t+pe’“| da} .

Remark 1.5. Putting r=1and replacing p by rin corollary

1.3, we have an improvement of (1.8). Further,
l=r=p, corollary 1.2 reduce to inequality (1.7).

putting

Also
assigningl =r = p =k, both the theorem and corollary 1.2
reduce to the well-known de- Bruijn inequality (1.5).

2. LEMMA

The following lemmas are needed for the proof of the theorem.

Lemma 2.1. If f(z Zc 7" is a polynomial of degree n

v=l1

having no zero in|z| <t,t2>1, then

max|f |<—max|f(z)|.

2.1
I4=1 I+1 [d= @D

This result is due to Malik [13].
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Lemma 2.2. If f(z

=2cz

having no zero in|z| <t, t2=1, then for |Z| =1,

is a polynomial of degree n

t£(2) <]g’ ()] - (2.2)

e 5(1-1(0)

Z

Malik [13, Lemma 3] proved this lemma.

Lemma 2.3. If f(z ZC 7" is a polynomial of degree n

v=l1

having no zero in|z| <t, t=1, then

nlcy| +17|c

ax|f(z)|.

S )l +2e e o

(2.3)

This result was proved by Govil at. el. [9].

Lemma 24. If f(z)=c, +chz" AL u<n, is a polynomial

v=p

of degree n having no zero in|z| <t, t21, then

M|
n|c,

* <1. (2.4)

Lemma 2.3 is due to Qazi [15, Remark 1].

Lemma 2.5. If f(z ZC 7" is a polynomial of degree n

=0

having no zero in |z| <t,t>0, then the function

~ (n|c0|x+|c1|t2)(t+x)

= . 2.5
(x2+t2)n|co|+2|cl|t2x *)

is a non-decreasing function of x in (O, t].

Proof of Lemma 2.5. We prove this by derivative test. Now,
we have

(%)= (”|CO|_|Cl|t)

{(x2 +1 )n|co| +21 |cl| x}2

x{ (e =)t (nleol v+ ) + (aleo |+ e o) (e +£°)

which is non-negative,

since by Lemma 2.4, for g=1,

(n|c0| —|cl|t) =0, and the fact that x<r¢.

\Lemma 2.6. If f Zc Z~ is a polynomial of degree n

v=0
having no zero in|z|<t ,t>0then forO<r< p<t,

n
p+t
max|f | < max
|d=p r+t ) H=r

This lemma is due to Jain [10].

2.6)

£(2)]-

Lemma 2.7. If f Zc Z~ is a polynomial of degree n

v=0
having no zero in|z|<t ,t>0then forO<r< p<t,

2 2 2
max|f | (M] max 2.7

£(2)]-

l4=p P+t +2tr|d|

where
fc,

o=—1 ad|5|<1

ne,
This lemma was proved by Jain [11, see Remark 1]. Further, he
p’+17+21p|d|

mentioned that the function —
ro+t +2tr|5|

is a decreasing

function of |d] in [0, 1]and as |§] <1, it is concluded that

P+ +2p|d] ;<(p+tj"
P +2erdl ) \r+t)

which clearly implies that the bound of Lemma 2.7 improves
over that of Lemma 2.6.

(2.8)

Lemma 2.8. If f(z

Zc z" is a polynomial of degree n
having no zero in |z|<t,t>0, then for 0<r<p<t,
‘f(peig)‘S‘f(reig)‘+M(f,r)

X {(p2+t2)n|co|+2t2|cl|p};_

(r2 +t2)n|co|+2t2|cl|r

2.9
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Proof of Lemma 2.8. Since f(z)does no vanish in|z| <t,

t >0, the polynomial F(z)zf(xz) where 0<x<t has no

zero in |z| <i , where L >1. Hence applying Lemma 2.3 to
X X

the polynomial F(z), we get

¢ 2
n|co|+|clx|(xj
max F'(z)| <n

EE £\ £V | =
1+(j n|c0|+2|c1x|(j
X X

which implies

max f'(z)|£n n|C0|x+|Cl|tz .
(x2+t2)n|c0|+2t2|cl|x ld==

lel=x

£(2)].

(2.10)

Now, for O0<r<p<t and0<@<27, we have on using
(2.10)

p

[ ()= (re?) | <

f'(xe’p) ‘dx

r

a n|c0|x+|c1|t
j max
g x +1 |c0| +20% o | x | F=

which on applying Lemma 2.7 gives

£ (2)|dx,

‘f(peig)—f(reig)‘ﬁfn{(

r

n|c0|x+|cl|t2 }

X +t2)n|co|+2t2 |c1|x

n

y X417+ 2t x|d] EM(f a @.11)
P> +17 +2tr|d| I '
L n|c0|x+|cl|z‘2
=nM s
nM (f r)'[{(xz+t2)n|co|+2t2|cl|x
X417+ 2t x|d] >
e+t +2tr|5|

Substituting the value of 6 = , (2.12) is equivalent to
nco

‘f(peig)—f(rei‘g)‘SnM(f,r)

n
f n|c0|x+|cl|t (x> +22)n|co|+ 207 e |x |2
x.[ dx
x +1? |C0|+2t |cl|x (r2+t2)n|co|+2t2r|cl|
nM (f,r)
n

((r2 +1 )n|c0| +2t2r|cl|)E

4 n_
><J‘{(x2 +t2)n|co|+2t2|cl|x}z 1(n|c0|x+|cl|t2)dx
r

(P> +17)nlcy|+27|e | :
(r2 +t2)n|co|+2t2|cl|r

from which it is implied by triangle inequality that
‘f(peig)‘ S‘f(re"g)‘+M(f,r)

. {(pm Jnfey|+2¢ |c1|p}2

(r2+t ) |CO|+2t |cl|r

which completes the proof of Lemma 2.8.

Lemma 2.9. If f(z ZC z" is a polynomial of degree n

v=0

having no zero in|z|<t,t>0, then for

(p+1)(nlc,| p+|c|r*) p+t) p+tY
—1l=
(P> +17)nlco|+2pe | |\ r+1 r+t
«|1- t(t—p)(n|co|—|cl|t) 1_[t+rjn 1
(0> +17)n|c,| +2p|c|r? 1+p
Proof of Lemma 2.9. We have
(PH)("‘%‘PHCI\IZ) (p+zj”_1 _(p+tj”
(P> +12)nle,| +2p|c | [\ r+t Tt
{ [t+rj”}{ (p'H)("Cop"'Cltz)}
x41— .
t+p) | (0 +12)n|c|+2pc |7

(2.13)

O<r<p<t,
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Now (n|co|x+|cl|t2)(x+t) - (n|co|p+|cl|t2)(p+t)
24 +2xle | (pP+12 +2ple |
{<p2+z>2(n|co|p+|cl|ﬂ>2}zl_ { =)ok } R
(P> +7)n|e,|+2p]c |t (P> +1*)ncy|+2p|c |t 2.17)

(2.14)

Using (2.14) in the right hand side (2.13), we get the required
result.

Lemma 2.10. If f(z)= CUZU is a polynomial of degree

v=0
nhavingnozeroin|z|<t,t>0,thenfor O<r<p<t,

M=

(r2 +t2)n|c0|+2t2|cl|r

<(”|Co|P+|C1|t2)(P+f) [p+tj"_1
(P2 )nc |+ 2ple | |+t

where J is as defined in Lemma 2.7.

{(p2 +t2)n|co|+2t2|cl|p};

Proof of Lemma 2.10.

Consider the integral

A n|co|x+|cl|t x2+t2+2tx|§| >
I= In dx
g x +1 |c0|+2t AE: P+ +2tr|d]

(2.15)

By inequality (2.8) of Lemma 2.7, we have

X’ +1° 42t x|6] ;<(t+x]"
et +2rld]) T \t+r)

using this inequality in (2.15), we obtain

I<J. n|co|x+|c1|t (r+xj" i
L (57 1) mfeg|+287 ey |x | \e+r

P

__n J- |eo|x + ||t
(r+1)" (x2 +t2)n|co|+ 267 e, |t

}(x-kt)" dx - (2.16)

For O0<r<x<p<t,byLemma?2.5, we have

Again using (2.17) in (2.16), we get

os) Clelptlelr) g,
(r+t)n (pz+t2)n|co|—i-2p|cl|z‘2 .

=(p+1) (nlco] £ +]ei]*) {(P”jn _1}.

(p2+t2)n|co|+2p|cl|t2 r+t

I<

(2.18)

Again, from the value of the integral on the right hand side of
inequality (2.11) in the proof of Lemma 2.8, the value of the

(0" +ales2e el |
-11, t
(r2 +t2)n|c0|+2t2|cl|r o ©

integral (2.15) is {

conclusion of the lemma immediately follows from inequality
(2.18).

Lemma 2.11. If f(z) is a polynomial of degree n and

g(z)=17" f(ij,thenforeacha, 0<a<2r andr>0,
z

2727

JIle(er)eens ()]

)| a6

2z
doda<2zn’ [ |f(e
0 .
(2.19)

The above lemma is due to Aziz and Rather [2].
Lemma 2.12. Let z be complex and independent of &, where
ais real, then for p >0,

T|l+ze"’|p da=2f|e"“+|z||”da. (2.20)
0 0

This lemma belongs to Gardner and Govil [6].
3. PROOF OF THE THEOREM
Since the polynomial f(z) has no zero in |z| <t,t>0, the

polynomial F(z)= f(pz) has no zero in |z|<L Loy, By
P P
applying Lemma 2.2 to F(z), we have for |z| =1,
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iﬁf&ﬂsm1@|m44=L G.1)

where G(z)= z"@.

Z

We can easily verify that for every real number & and
R27r"21,

|R+e"’| >

r'+e”’|.

This implies for eachg¢ >0,
(3.2)

2z 4 2z 4
.[|R+e””| da2j|r'+e"”| da .
0 0

For points ¢ ,0< @ < 27, for which P'(e’l67 ) # 0 ,we denote

and »’ _k then from (3.1),

R>r">1.

Now, we have for eachg >0,

7 r( 6 ia - o\ ]! | ie a’F G’(em) iaq
_([ G(e )+e F(e ) da—‘F (e ) _([ F,(€[0)+e da.
. r( o 4
=yF(e”)“1 i{;% +¢“| da (by Lemma 2.12)

q

Z‘F'(g"g) da, by (3.2)].

‘12”‘1‘ ia

[|=+e

o 1P
3.3)

For pointse” ,0< 8 <2, for which F’(e"g) =0, inequality
(3.3) trivially holds.

Now using (3.3) in Lemma 2.11, we obtain for eachg >0,

q

deo,

2z

t .
I ‘—+e”’
o |P

which is equivalent to

e[ [F(e)do < 2mn [ |F ()
0 0

where

Since F(z)=f(pz), F'(z)=pf (p2).

1 1
LT f/(pem)‘ng q <£S sz‘f(peig)‘qde q
2z Tp ox '
This in conjunction with Lemma 2.8 and noting — =T,
we obtain

1 2T
el

f'(peig)‘q de}q <nT, {ii‘jﬂf(reie)hM(f,r)

q

(P> +1*)n|cy|+28%|e| p 5_ »

(r2 +t2)n|c()|+2t2 |cl|r

This completes the proof of the Theorem.
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